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%‘aﬁmuﬂé’gyggq Cash-Flow Timeline Discount Curve Bond Price
coupon / principal CFy,...,CFy yield / spot rates P
L
Interest-Rate Risk Portfolio Decision
duration / convexity hedge / immunize
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Wunasedindu y

M
(I+y)*

Aa9E19 5.1. asasliinuesdiyadildneu 100,000 um 01y 5 U uag yield 10% siel
P = 100,000(1.10)~5 ~ 62,092.13 vn
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ay; = ——— v=(1+4)"1

0 M = F uavdeglotlazass K = cF
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A79819 5.2. aansyarfasbiwavyanlaneu 100,000 um dasiaues 10% e1gasnde 10 U YTM

8% uwavdtuaveslarns

P = 10,000 agg)g og + 100,000(1.08)~1°
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Bond Pricing with 1 Coupon Payments per Year

pP—=

U cF/m M
_l’_

NI effective annual yield /4 W01 periodic yield GRIEERRNGE

i=(1+y)m—1

1l 3./ m Taevialy

5.4  Premium, Par a2 Discount

fiun modified coupon rate Aenisnadlafisutiuyalaneuiy

K
9= M
N
P = Kag; + MvN
bhae
11—V = ay);
azlel

Base-Amount Formula

P — M = M(g—i)ay,

P =M+ M(g—t)ay
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lunsetl F = M uag coupon frequency fiu yield convention @enmassii ausailiesuiiisy

coupon rate fiu YTM lalagnss
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5.5 Yield to Maturity

UNiey 5.2

Yield to Maturity fie periodic rate % Fiilo present value ¥4 contractual cash flows t1AU
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YTM Fau IRR vesganssuaiuanniald convention fifmun [62]

NOEUN 5.2

o CFp, > 0 ynonuag i > —1

N
P(i)=> CF,(1+i)*
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P'(i)==Y kCF,(1+i)*1<0
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4. yngnau residual ¥30ANUNINYIAINIT tolerance NANAUA
Bisection i convergence Anumuuazimngidu reference implementation @ sunsaanaan

spreadsheet %30 library A
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YTM 13l realized return #15UUseiU wInVIBABUATUAIMUA 1N reinvest coupons FEBATIY

A19910 YTM %509%1A cash flows 1UaBWLNT1 default %139 embedded option NARBULNIUAI
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5.6 91A1Lag Yield: Monotonicity was Convexity
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P'(i) <0

bbEY®

P'(i) =Y k(k+1)CF(1+i)*2>0

N
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AU price-yield relationship 81 plain-vanilla bond # cash flows AsMilaNwLzanAdLaTYU
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duration approximation

> Yield

U7 5.3 WdusIA-yield fdnvazanaiwaryy vaedl duration Wuenuduanizi

5.7 Spot Rate, Discount Factor was Bootstrap

YTM T 8nsthgduniunselatiuannaisna win13nImuAsIAILUY no-arbitrage 19 discount factor

laWIZUAaE maturity

Unieny 5.3

9% s, 18U spot rate wuy effective annual dwmsueny ¢ Y

1

dt — d(O,t) — (]_—I——St)t

bbel&

P=) CFd,
t

5.7.1 Bootstrap

AURA zero-coupon 21g 1 U1 spot rate 3%

1
d, = 103~ 0.9708738
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NTuEngans 2 U yaeildaou 1,000 U gues 40 umsisl wagsiA 1,000 um

Y

1000 = 40d, + 1040d,

1000 — 40d,

= ~ 0.9241972
d, 1040 0.924197

sy =dy? — 1~ 4.0202%

nan bootstrap velagly discount factors M laud9n present value 909 cash flows AUNIg

paNNauLA discount factor ¥4 maturity fald

UsLauiinaesed
13 bootstrap Tumain aSedpaAilafa instrument conventions, settlement, day count,

coupon dates, interpolation waz market quotes NwANAIAY N151ERIDES annual cash flow
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5.8 Forward Rate wa¥ Term Structure

W fo. WU effective annual forward rate dmsutae m s n
)

unileny 5.4

mela no-arbitrage

M +s,)" =1 +8,)" A+ fran)"™™
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(1+s,)" }1/ )

1+ = (T

311 s; = 3% waz sy ~ 4.0202%

2
£, = L5

= — 1~ 5.0505%
’ I+ s

Wield continuous compounding e instantaneous forward rate

Continuous Forward-Rate Representation

yield curve @1afldnuae upward, flat, inverted %138 humped wisUnsaLiedae1afied il

AweINIaliAsEgRa kLo InsIzasyiou expected future rates, term premium, liquidity,

supply-demand waztaduianidusiuiu

59  daAImuUnazn15@nae Premium/Discount

¥
ad
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Book-Value Recursion

&1 bond u premium bond 2zll K > I, ludanusnlaevluwas book value anim
redemption value @ discount bond 9zdl I, > K lagvinluuas book valueliiud1m redemption

value

NoBUN 5.3

N yield ¢ Wag contractual cash flows A3l Book value asdngaUasninfl k Wiy present

value fd 1I@1HUVBY remaining cash flows
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14 identity
(I +d)agp; =1+ az=g;
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o settlement date 985119 coupon dates Aauen dirty price i clean price
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Unieny 5.5

¥

Dirty price 3® full price A® present value U84 cash flows ﬁﬂ%aﬁﬁw%lﬁ%’uaﬁﬂ settlement
date tHuduly

Accrued interest fiodiuguasiiazananniudieguasanani settlement date A day-count
convention

Clean price #®

P, Al

clean — Pdirty -

neld simple fraction approximation 61 o udmaiuves coupon period NauUlULA?
Al ~ aK
WnaLMaeis coupon falUiniu 1 — « 998 uae periodic yield Wiv 4

N CF;
_ § : J
Pdirty - / (1 4 i)j_a

J=1

Tusuasededld settlement rule wag day-count convention ¥esna1Atu liAISUNU o AI8FIUIY

Jumsuiulunewuuladlileglinseuasgu

f9819 5.3. @uui coupon AeAIIUWwiNY 3 um wazuull 40% w83 coupon period

Al =0.40(3) = 1.20 um

01 dirty price Winfiu 102.75 U

P

clean

=102.75 — 1.20 = 101.55 v

5.11  Macaulay Duration

Macaulay duration TaAadsalsiminveanaflasu present value v8s cash flows
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untieny 5.6
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DMaC = Z wktk
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a0y weighted-average time 984 cash flows Tunigd

#1%3U zero-coupon bond finsuiiuua T’

DMac:T

#1130 coupon bond % cash flow @unilalasuneu maturity azd

DMac<T
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5.12 Modified Duration a2 Price Sensitivity

Tunsdl yield y(m) waueLu nominal annual yield nugiu m ﬂ%zx‘i

UNUeu 5.7

DMac
mod 1 + y /m

wazdmsu yield shift Lan

First-Order Price Approximation

Aym

mod

anstld Ay(™ Tumihe decimal wu 25 bp ity

0.0025
f0819 5.4. 01
D, , =68
ey yield i 50 bp
Ay = 0.005

awla

AP
—5 ~ —6.8(0.005) = ~0.034 = ~3.4%

151A15UAY 105 U sienUseanadlulie

105(1 — 0.034) = 101.43 uw

v a

Ay e nfasRde AVIADAFENSLATEDR UNINYNFUTITUFAERNS



undl 5: adladEnsAsIEsHlLazANFesdnsInandlds 153

Uszhundneszda

Modified duration 1Uu local linear approximation 3311z yield change YUIALENILATANLRA

71 cash flows liiUBsuny yield wn bond & call, put %38 prepayment behavior Amu&uRLLS

#919AaNALAABIUNNN

5.13 Convexity

Y]

Duration T¥euius dudunils @ convexity ldayiusduduasiiioasviounulAsves price-yield

relation

fN%UA convexity #® nominal yield y(m) Hu

e 1 O0°P
- Poym)?
d13U cash flows ﬁLﬁmﬁmmqﬂm k=1,..,N

e =
m2P

1 i k(k+1)CF,
= (14 ym m)"

Weld Taylor approximation susiuaes

Duration-Convexity Approximation

&3 plain-vanilla option-free bond # cash flows As#i convexity Luun Fevinldsmantiosnin
iy duration tangent A1ALD yield LY wazs1ALNNLINAIIN linear approximation AALLS yield an

Tusgausualnanu

5.14 DVO1 %58 BPV

DVO1 Fanisiasuilasessialneuszanande yield wWasunils basis point
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1 bp = 0.0001

971 duration approximation

Unieny 5.8

DV01 ~ PD,_,(0.0001)

Taeily DVO1 seuduiruuiuuinunuauinnmsasuudas mn yield W 1 bp s1A19zan

Uszuad DVOL wagnn yield an 1 bp senaesiindszana DVO1 neld first-order approximation

f18819 5.5. 151AMAU 10 a1uumwar modified duration winfiu 4.5

DV01 ~ 10,000,000(4.5)(0.0001) = 4,500 um

5.15 Key-Rate Duration LLasmiLﬂﬁlﬂug‘dwm Yield Curve

single duration auuAlagiei1N1sUGeY yield MAgteaninsaasume parallel shift niladn us yield

curve 939919 steepen, flatten, twist y3aLUABuLaNITUNe tenor

i 2; 1Hu yield/spot rate i key maturity J way Azj WHu bump YUIALAN

Unieny 5.9

Key-rate duration 71 tenor j anunsauszunaeie central difference

P(z; + Az;) — P(z; — Az;)
2P)Az;

KRDj ~—

1o bump rate 8uAN interpolation rule AiMUUAAILAL

MNHuUNSUABULUaITIASUAUNTISAIN nonparallel curve shock Useanalase

AP
— ~— ) KRD;Az
J

Ay e nfasRde AVIADAFENSLATEDR UNINYNFUTITUFAERNS



undl 5: adladansAsIEsRlLazANNEeIdnsInanly 155

Uszhundoeszda

Key-rate duration Juffu3s bump wag interpolation ¥84 yield curve slafldfiaafidudasy

910 curve construction methodology

5.16 Immunization

%én immunization 14lAs3a519w89 present value wag duration LeanaulIves surplus sewing

auninduazniseynituieonisivdeundasdnsnenie (62, 18]

v

1% A Ju present value vosduniwiuay L 1u present value voandiau

Weauly first-order wuuiugIUAe

A=1L
uay
ngufun 5.4
eld small parallel yield shift Ay wn

A=1L
e
uén first-order change 984 surplus

S=A-1L
fiendugudlaeuszune
J
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ﬁgﬁ?‘lf. 14 duration approximation

AA~ —AD Ay
GE

AL~ —LD; Ay
srarhy

AS =AA—- AL
oN]

AS ~—(AD,— LD;)Ay

o A=Luaz D, =D,

AD, = LD,

A
Lo
pmd)}

AS ~0

5.16.1  @esduninddmiuniseyniunileiou

Tiduniwg 1 uaw 2 § durations D way Dy laefesn1s duration wWhve D

AUALINLN
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bbEYE

wy Dy +wyDy = Dy,

agla
w _DZ_DL
! D2_Dl

LLay
w :DL_Dl
2" D,— D,

§1%183M13 long-only solution Agfesl Dy egsening Dy uaz Dy

5.16.2 Convexity Condition

v
s ] v I~

Wedunsnduwasnilaudl value wag duration match fu WaulvaSuninAsanisa

>0,

WeliA asset value il second-order response lispaniwiiduniela small parallel shifts

Uszhundneszda

Immunization laildn1sindnauideseensa1s Duration lWagumuan yield curve wag cash

flows 39A83 rebalance way §IABIUTINT curve risk, credit spread risk, liquidity risk tag

optionality Len@9AIN
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5.17 AIULAYIVRINTIFITUUN Duration 13Jﬂi§J‘Uﬂ?qI3J
57 5.2: ﬁammL?%&Jqﬁﬁzysummwmwﬁ
AULED S naln WINSIR/MuIeTitneates
Interest-rate risk risk-free/benchmark curve L‘Uﬁla‘u duration, convexity, KRD, DV01
Curve risk tenor Asfumasuliivintuy KRD, scenario shocks
Credit-spread risk spread “Uaaﬂaamﬁm/am spread duration, CSO1, credit

Default risk

Liquidity risk

Reinvestment risk

Embedded-option risk

Inflation risk

Hoanlidremudayan

¥

A A %
FOUYHINNID spread NI

coupon gnadvusiaiians1lvl
call/put/prepayment Lagu cash
flows

purchasing power ag

analysis

PD, LGD, recovery, rating transi-
tion

bid-ask, market depth, liquidity
premium

horizon return / immunization
effective duration, OAS, scenario
models

real yield, inflation-linked instru-

ments

Interest Rate

Credit

Reinvestment

Yield Curve

Liquidity

Embedded Option

JUN 5.4: anansviliienandsvaneiiidediedldinasinunnimilaszny
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5.18  #¥w1uge1uIY: Zero-Coupon Curve Wag Stochastic Rates

1UYeY Witayakiattilerd wazamzAnwinsivunsninsasvmiinaznisulasaninsasdutuanniy
van lnewSsuflsuwuudnaesdnsinenide Vasicek, CIR uag Hull-White Tudayanainnsianswitlng
[70]

mnmu%ﬁ'ﬂﬁﬂﬁﬂixﬁgﬂﬁ: 970 Discount Curve g Stochastic Interest Rates

ANAAENSIUUNTYaUAUINUAINAINIUAUFUNUS

T
P(t,T) = exp —/ f(t,s) ds

o forward curve f(t, s) nanardusuusdu s1an zero-coupon bond Fuiduileriduvedu
gnsmenleiuasuniunan
WUUI1@89 Vasicek, CIR way Hull-White 1ulaseas19anadnli short rate %38 term structure

wividn present-value/no-arbitrage fldluunildnadusinguvesnisimuasian
(& J

v

Han1sAnw@Uszdndvesuuudtaemialy sample period limsgninnuduuudiaetuifan
TunnAaIn 3o NN 46381 NM3IEEN interest-rate model faeiaTAU TngUseasA calibration target,

instrument set ILag out-of-sample validation

5.19 Data Lineage a2 Pricing Convention

M3AInmsINsUillse convention 11NNIINNIRGATIIESRENAEY
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15199 5.3: Checklist dmiutoyauag convention ¥eIns1a15Ml

§1815 9332y auRawanadinulasy
Settlement trade date, settlement date 14 maturity fraction &
Coupon rate, frequency, coupon dates 4 annual rate Ju periodic
coupon
Yield nominal/effective/continuous 113 effective yield e frequency
Tnems
Day count ACT/365, ACT/360, 30/360 %38 accrued interest i\
convention du
Price clean/dirty Wisy market clean price fiu
model dirty price
Redemption par #38 redemption premium duud M = F laglinga
Curve source, interpolation,  bootstrap/integration basis lainss
compounding i
Credit risk-free, government, corporate 14 government curve U risky
spread cash flow lagliusu
Option callable/puttable/prepayable 19 fixed cash-flow duration U

option bond

5.20 Investment Lab: Fixed-Income Analytics

Investment Lab: Excel: Bond Pricing, Yield a2 Interest-Rate Risk

present value

@513 workbook agnetiee 5 I
1. Inputs 32y settlement, maturity, face, redemption, coupon rate, frequency, YTM
ey day-count assumption

2. CashFlows Wang3u#/93m coupon principal total cash flow discount factor uag

3. Price-Yield @313 yield grid 59U base yield ag13tios 4200 bp wazA1UIU exact price
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undl 5: adlaAERsAsIEIslLazAEesdnsInanle 161

Risk AU Macaulay duration, modified duration, convexity, DVO1 uag
approximation error
Curve bootstrap discount factors/spot rates 31AA1@157I9819 WA forward

rates

J

Investment Lab: Python: Fixed-Incomme Companion

ahwseuulugalviitanduet ey

A58l unit tests ag1stlpadMIUNSAl par bond, zero-coupon bond, premium bond, discount
bond,

YTM udaldl yield iunnglu tolerance

bond_price(...)
ytm_bisection(...)
macaulay_duration(...)
modified duration(...)
convexity(...)

dvo1(...)
clean_dirty_price(...)
bootstrap_discount_factors(...)
forward_rate(...)

two_asset immunization(...)

duration ¥®4 zero-coupon Kay round-trip test M1 NHIATY pricing naulum
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521  nis@enunsdnlimuansiudemn

A157991 5.4: BEUNNSLEBNLATRDIATIEYIATIENSTY

A0 wdasilandn JoA255239

37A1 910 contractual cash PV / discount factors convention #0M39 cash flows
flows Winla

Snsndenfivhlisimuindude  YTM 1314 realized return Ai¥uuseiiu
Wil

snsuany maturity Wuwinla  Spot rate ADYAIIN curve PYINEDAAADY
9937 implied 321119899 ma-  Forward rate Furfy compounding convention

turity Aiowinle

s1m1ase parallel yield shift  Modified duration / DVO1 \Ju first-order/local measure

Wigdla

Aslasvassimnduedsls Convexity cash flows s lal wWasw a7n
option exercise

curve Wasuanz tenor 10 Key-rate duration s’fu il bump/ interpolation

naogals method

”U@jﬁuwwwéuumﬁauashﬂi PV + duration matching M4 rebalance uazg convexity/
curve risk

credit spread Wasuiinaa e Spread duration / CS01 NN risk-free rate movement

1s

unaguvingun

v v

unilimuadinmansasasuniianuanyariJagiu lneuesnsiansiduga contractual cash flows

fRIRAnNanAI8dnIINID discount factors Ni@anAaBeRULIAN

Tunseu YTM 51A1%813 plain-vanilla bond 1Juilsiduanasuazyuues yield Auduius premium-
par-discount {ina1NN15LUIEULIEY coupon rate U required yield UNgIULAIALITUY Ve YTM

vJu IRR v84 contractual cash flows LLaxlaiﬂaiQﬂammLﬁuwamammm%qﬁ%’uﬂisﬁu
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M3 Aua 51 N azdenAuly spot rates waz discount factors m1d maturity LA @319 term

structure ¢1e bootstrap 21n1U forward rates LARA1A no-arbitrage identities

yar1nudnyTeSuiensandng premium viseazau discount A effective yield dunsyaung

5¥9319 coupon dates @asuen dirty price, accrued interest Wag clean price @13 market convention

ANUEEERIInenUe Inae Macaulay duration, modified duration, convexity, DVO1 uag key-
rate duration 1ag duration \Uu first-order sensitivity Lag convexity ¥ second-order correction
Immunization 14 present-value matching iU duration matching Wsi@as rebalance way&1AdLuTey

curve, credit, liquidity lag option risk

gnvineg N3 AT AT il i nsaa aeule fea Judin settlement, day count, compounding,
coupon schedule, clean/dirty convention, curve construction taz model assumptions ABUUI

favlUlglunsusmsnease

o/

ANANIIEARY

 Face value « Dirty price

Redemption value
Coupon rate
Yield to Maturity
Discount factor
Spot rate
Forward rate
Yield curve
Premium bond
Par bond
Discount bond
Book value

Accrued interest

Clean price
Macaulay duration
Modified duration
Convexity

DVO1 / BPV
Key-rate duration
Spread duration
Cso1
Immunization

Reinvestment risk

Embedded-option risk
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=R -V v
LUUNNKRANIGUN

0 o N o

10.

11.

12.
13.

14.
15.
16.
17.
18.

19.

20.

. avaslidnuesdiyadnlanau 100,000 U 01y 4 U uae effective annual yield 6% 29ms1an

WusUnsyaringll 100,000 vm ales 8% 1eTazasa 818 6 T wag YTM 7% aamsian

ﬁqfﬂﬂ base-amount formula
P—M = M(g—i)ay,

ﬂgjﬂ‘ﬂ Makeham form 91ng#3 coupon-bond pricing

o5u1g 119ily coupon rate 8% fu YTM 8% 019l fianeiiaz asu 1 A winms wn
compounding conventions laingeriy

WARYI price function vas bond il cash flows WWuuinduilsituanasmes yield

a%14 bisection algorithm wiew1 YTM uagnadau round trip 91n51a17iad1ede vield 5.5%
14 zero-coupon 1 Tiag coupon bond 2 Fiidmuaiite bootstrap dy, ds Wag spot rates
‘Wgﬁ]ﬂ forward-rate identity 910 no-arbitrage

@319 amortization schedule 989 premium bond Kazn33371 book value W1lNA redemption
value

Aaseales 4 vmen3ad settlement 1wy 35% wos coupon period wax dirty price
103.20 U U1 accrued interest LUU simple fraction wag clean price

A28 Macaulay duration ¥89 zero-coupon 7 U

»35781548 modified duration 5.2 Wa31A1 98.50 UM A yield Wil 75 bp AsUsEIuIIA N
#78 duration

Lﬁu convexity 42 Tidonsunazmuln duration—-convexity approximation
wasnnsIEnsuiidiyac 25 AuuImuay modified duration 6.4 23Us¥aM DVO1

a3ungivily parallel duration 8198uwaaLile yield curve steepen

319 key-rate shocks 71 2V, 5Y way 10Y wdresueisussanamansenusenadn

AUl duration 6 U 1d8n3n bond duration 3 Yuay 9 Y savnthwiin long-only 7i match
duration

#igaid1 PV matching fiu duration matching ¥l first-order change @3 surplus ugudne
1% small parallel shift

a5u18319ily callable bond #esld effective duration 11131 modified duration wuu fixed
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cash flows

ANDNYIUAA

1. wila bond figewmesnimiSslisuiusedinaneuumuiiunaulandy bond fidewegani
W%

2. YTM fifosinezlsthadiothluieuiieunsiansiisl embedded options

3. w1 yield curve llvdunuuvuu duration matching Ligeg1afeieanenial

4. Positive convexity SinauAsiaiio bond ae1als uazwnla bond #ifi call option ©1ail negative
convexity Tuuna9

LYY .

5. Tumsudimswesaasiasnidauinlng msliaudiryiu curve construction wse security

o

selection 1NN vSesaRsdLWaNlaauaEgls

Y a v P~
LBNEIN1TDINDINYUNN 5

[18] Frank J. Fabozzi. Bond Markets, Analysis, and Strategies. 8th ed. Pearson, 2012.
[62]  Wichai Witayakiattilerd. aglamansnsiduuaznisuszend. ssintwlneg. 2025,

[70] Wichai Witayakiattilerd, Kammanai Phothong, Kanticha Sudtinont, and Panisara Bundasak.
“Instant Exchange Analytics: A Compelling Mathematical Model for Real-Time Debt
Instrument and Cash Conversion Rates”. In: Thailand Statistician 22.2 (2024), pp. 390-406.

Ay e wfeshLie AVIAMAAIEASLAYADR UNINYISLTITUAERNS



unii 5: adlaransnsEsuiluazanudeednsinends 166

o

Ay e nfasRde AVIADAFENSLALEDR UNINYIFYTIIUAERNS



167

Part lll

NN IALAZNITNMUATIANTUNITNE

Ay e wfeshLie AVIAMAAIEASLAYADR UNINYISLTITUAERNS






