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7.5 Global Minimum Variance Portfolio
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AN 7.1: é’haemagmu minimum-variance frontier
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7.9 Utility wazn1sidenwainvadtinanu
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Jymnanelu
Long-Only Mean-Variance Problem
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J
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gross leverage limit

Z ’wz‘ S Gmax
A

kae turnover constraint

Z w; —wi| < 7
i

ey constraints feasible set azuad sati frontier MIululdnield constraints Tndldanunsa

A59US unconstrained frontier Tui@s mathematical opportunity set e

noeuUN 7.7
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J
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9813lsAMY constraints ©199281# realized out-of-sample performance fYu IWs1¥an estimation-
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YDIANULANANNTEWINS optimization efficiency fU investment robustness: nM3uauLdYUTEENSAN
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7.12  Estimation Error uazanulaidfesves Optimal Weights
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9813311 01 covariance matrix i eigenvalue 180 MsNAULVSNFITVEIY noise TuiiAdsnan

1% eigendecomposition

Y = QAQT
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>l =QA QT

1 X\, w@nun At 1/ agilenunn il perturbation Wanludeyaaieinisideundasoniminld

1 Jaymilsinasumie condition number

dlo k(X)) gan msua inverse wivhldludsiiavionaliiaties lunsdlfl sample covariance
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estimation risk Ineenludf F3A15WA15847 shrinkage, factor structure 3e regularization 33397

Uszuifeeszd

Efficient frontier figAuintu sample e1adunaves estimation noise Ineanizille expected-

return estimates wanseuLsadntiesus optimizer 19 leverage 138 short positions Liie

LAIIWIAINULANANITY

7.13  Sensitivity 989 Optimal Weights

19 6 unu input parameter iU expected retumn, volatility 50 correlation wagli
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w*(0)
Ju optimal weights

N9 sensitivity @u15ald finite difference

ow' w0 +h)—w(0—h)

00 "~ 2h

d15U unconstrained problem fifnouLlUdsusE1a3eU finite difference Tn1suszanu local

sensitivity fiAIuving sl constrained optimization Ameuanalyl differentiable oy 907 active set

o

Waeu dslumsgnseniusideitlaruaznsiudsuniaued active constraints ATUAY
Tumeuoplddndudesssnusuiusynds urmsnsivegton
1. expected-return perturbation

volatility perturbation

correlation stress

2.

3.

4. estimation-window shift

5. universe inclusion/exclusion
6.

constraint tightening/relaxation

Weight Stability Diagnostics

o

frdiadenldlssuiisunesagiuiunesnnas perturbation kA

Wt —w(@]y

Wt — w1,

ILeE maximum absolute weight change

max |w;!) — ()|

v
o [

N input WasudnieeumihminiUasunnn amsiaufneu optimizer fapusydnTe s
(& J
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AN 7.2 UIN19anANLUS1E U989 Mean-Variance Portfolio

bbUIN

Nann1g

P a
Jauantlagu

Covariance shrinkage

Expected-return shrink-
age

Weight bounds
Long-only

Turnover penalty

Resampling

Factor structure

Rolling validation

A1 sample covariance 1M
structured target

an dispersion U84 i

10 w;

#in short positions
aﬂIVIEﬂ"IiLU?iIEJuﬁI"Mﬁﬂ

a579 vty samples/ parameter
scenarios

anilFvee covariance estimation

Ysefiunadnusan

Wiy bias tiWe wan AU estimation
stability

an extreme active bets

frontier Tu sample wavas

an leverage uldy flexibility

an trading cost WARNDUAUDITIAY
14 computation 1nTuuar Uiy
resampling design

1 factor-model risk

an sample d1m15uusiag window

WwIAA shrinkage @4 covariance WauAUUNT 6 Uay MUY Ledoit way Wolf [30] 9adAay

= oy = Yasd d o v a{' i = I .
A8 robustness imlﬂwuqﬂﬂﬁﬂqﬁisﬂ']ﬁV]GUUGUE]quﬂ LLWWﬁJqﬁJﬂﬂﬂqﬁaﬂﬂﬂNTﬂmaﬂNaaWﬁma noise e

assumptions 1AgaNYILIANANLATHTAANSWALAINAINITALUNTATINFOUEBUNGY

7.15

N15a3 frontier wagmsUssillunanaawentatoyastadniau

~

In-Sample Frontier AU Out-of-Sample Portfolio

Estimation Window — (i, 2;) — wj — Future Holding Period

NARBUWNY realized vaanasmlursdnlufe
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R, = (W) TRy

Tailw

*\T ~
(Wt) My
UseLhunaeszda

—~

3 W Joya owrmn Tu ms sz o vise X newadedrwin iy look-ahead bias n13

518914 efficient frontier Ml¥dayans sample Jshilyndngiuves out-of-sample investment

performance

d 13U rolling experiment @25 Uu¥in estimation date, rebalance date, holding period,
transaction-cost assumption ag benchmark 1nATY NINTNTTBUIBAI realized portfolio return
AISTINAUYLAN turnover MARTUAIY Hazuueainnsalil optimizer giilendn benchmark Tuigs

gross return WARBENILEIONANTEUN net return

7.16  nItlAn¥IUILVRIITEY

NUVBY Witayakiattilerd wazamzAnw1nsly correlation, beta wagn1sainanesnainuannswg SET50
Tudeyadounds lnsuandliiiuinanuduiussenirmdnvinduasdorimun long-short awsawie

feasible investment strategies & [68]

31NUTgn1sUszend: Correlation Structure fiu Feasible Strategy

a 0 ) a s 9 1 o ' o v & . a Y] 1A
unBeudmsunguf wesalilinsiiguannindain sample period wnanldludagiu wide

A3YUIUNTT

return data — dependence estimation — feasible-set design

— portfolio rule — out-of-sample evaluation
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\Wieayay1n short-selling feasible set Wasuagansy uavdoiiutadninnu borrowability,

leverage, liquidity wag transaction cost Tunslgauass

UVBY Kesamoon Wag Witayakiattilerd 19 fuzzy analytical hierarchy process Lﬁaiw%yjalﬁ\m

Usnauwazidanauninluniseadanmanning [28]

nnuITegnisuszand: Security Selection iU Portfolio Weighting uauazu

N13AALEDN universe @11130%1MNBU mean-variance optimization

fundamentals / qualitative information — screening or score

~

— candidate universe — (ﬂ, E) — portfolio weights

35 screening lallAwwu Markowitz optimizer wag Markowitz optimizer lilanauAinininaasin

dunsndloawding universe Aausdu

717  sgwrugiunswdusiaannanudesuas CAPM

frontier luunila$na91n risky assets Wity undl 8 sztiiwdunindusiaananudssilinaneuunu R

\onaw risk-free asset U risky portfolio P sreuniln y Ingtminluuningusiaanaisndes

wihiu 1 — gy

pe = Ry +y(pp — Ry)

G

oc = ylop

v '
o 4

Aatunesananagudunsluszuy o-p Weiansandu y > 0 uasymneuga y > 1 nned

NINNENT Ry WLy leverage @ 0 < y < 1 vunsfsfions risk-free asset wag risky portfolio

va o o

HaldunsiifseguuannAgiuimMsinuas g Buhlandns risk-free wWeniuuaslifidedniniudi

Fadu idealization Nazdosyiudlothluldas
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manuddgdauasuduin risky portfolio Tavinlmdunisuain R firudugaiige
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q

pp — Ry

%Qﬁﬂlﬂ&j tangency portfolio, Capital Allocation Line, Capital Market Line ez CAPM

>
>

wosndula 1"

Inefficient frontier

nsdennosnduiawas CAPM

funluundaly

> 0

JUN 7.3: maliidunindunannaudssiliidudnassiunu (Capital Allocation Line: CAL) dur

AUV URAUSEANS AN URIFUNSNELFea

o
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7.18 Data Lineage e Model Governance
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M157991 7.3: Checklist §5U Mean-Variance Portfolio Model

29AUsENaU

v
ATy

AULHBINaZLaY

Universe

Expected returns

Covariance

Constraints

Rebalancing
Transaction costs
Validation

Benchmark

Stress tests

Versioning

inclusion/exclusion rule
estimator, horizon, annualiza-
tion

estimator, window, shrinkage
long-only, bounds, leverage,
sectors

frequency, trigger

commissions, spread, impact
train/holdout/rolling

equal weight, market, policy
portfolio

mean, vol, correlation, liquidity

data/model/parameter version

survivorship Wag selection bias

optimizer lana noise

unstable inverse matrix

theoretical weights TH91uasalaila

turnover gew3e drift 1Aty
paper frontier gaLiua39
look-ahead W@ overfitting

131591 complexity \iiuauAmsoll

el fragility ves solution

yidwalale

7.19 Investment Lab: Efficient Frontier tta2 Robustness

Investment Lab: Excel: Closed-Form Efficient Frontier

@313 workbook agtles 6 A
1. Prices @115 adjusted price data
2. Returns d1113U simple returns 7idnfunseiu
3. Inputs &3 i, ¥ ua¥ constraints
4. ClosedForm d@wsu A, B, C', A, GMV wasg target-return portfolios
5. Frontier dw3SU target-retum grid 8g1atioy 30 30
6

. Checks d1%15U budget, target-return, variance wag weight diagnostics
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11005 o—p YINLATEININY GMV Wazlen efficient AU inefficient branch anuuLUSaULTiBy

unconstrained frontier iU long-only frontier

Investment Lab: Python: Markowitz Solver Validation

asmseusulugalysiilaiduetetos

. frontier constants(mu, cov)

- gmv_weights(cov)

. target_return_weights(mu, cov, target)

- frontier_variance(mu, cov, target)

« utility_optimal_weights(mu, cov, risk_aversion)

- long_only minvar(mu, cov, target)

- weight stability(base, perturbed)

« rolling frontier_experiment(...)
unit tests MITMTIV budget constraint, target-return constraint, GMV minimum property,
closed-form versus numerical solver, two-fund identity wag KKT residuals lag Avun

numerical tolerance ag19tnLau l1iA150913 floating-point equality LUUATIFA
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7.20  9931NALAZNISAAINBENSURAYAU
an5797 7.4: Yesaindfeyues Mean-Variance Portfolio Selection
Uszihu NANSENU wuameantlaywn

Expected-return error

Covariance instability

Non-normal returns

Transaction costs

Liquidity

Shortability

Regime change

Model risk

wmtinhuazeagals
inverse matrix Y818 noise

variance lal Wiy tail/ asymmetry
Ve
theoretical optimum 219
turnover g3

Jrntinfmuiailaoratevielula
short weights @1amiunslale
frontier 91NoARLARDUT

in-sample efficiency laiwinfiu real-

ized success

shrinkage, views, bounds, scenar-
ios

shrinkage, factor model, eigen-
value checks

downside risk, ES, stress tests

turnover/cost constraints

liquidity caps, market-impact
model

borrow constraints, long-only
model

rolling/regime/stress estimation
benchmark

ag  out-of-sample

validation

unaguvingun

UNTRINTIATIERINNNSAIN risk-return Yaswesnludnisiiennesniiivsyansnmneldnsou

mean-variance

d19U target return Mg Ha¥ covariance matrix il positive definite A199U unconstrained fio

1ng

1 [C—B
(o) = 571 | =501 +

A H
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A=1Ty""1, B=1Ty""y, C=u"s"y, A= AC — B?

v

GMV fiuutin

1
Wemv = A
nsay
B 9 1
Hemy = A’ Ocwv — A

minimum-variance frontier Jauns

2

2= L 4 A ( B)
g = — —_ PR —
W=ama\""a
uazuvuiiegimilo GMV A efficient frontier

two-fund theorem w431 frontier portfolio 1a ¢ a@1u1508519971 affine combination ve4 frontier

portfolios @panasniidl expected returns sineriu

WLy preference ﬁlﬂamummamﬁaﬂwa%méj’m mean-variance utility Inedu3u risk-aversion
coefficient a > 0 fmeull p, = pgy + A/(aA) uar 02 = 1/A + A/(a®A) dwdlo
W no-short, weight bounds, leverage 38 turnover constraints ‘f]zym%vdﬁﬂulﬂu constrained

quadratic program Waze13LAA corner portfolios

[

ToasuesluRndAnyAe efficient frontier Yufu estimated inputs 8813110 N151E91URBIATI

estimation risk, weight stability, constraints, transaction costs W& out-of-sample performance ol

NTUANTE in-sample frontier

undialuaziiiy risk-free asset wazWaLI9N Markowitz frontier 1Ud tangency portfolio, Capital

Allocation Line, Capital Market Line Wazlhuug1a03n15ivuasIA@unsng

o/

AANIIEARY
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Feasible set

Opportunity set
Dominance
Mean-variance efficiency
Efficient portfolio
Minimum-variance frontier
Efficient frontier

Global Minimum Variance Portfolio
Lagrange multiplier
Quadratic programming
Positive definite matrix
Frontier constants

Two-fund theorem

P= Y] v
LUUNNAANIGUN

1. 95018 AN WAN AN 551N feasible set, opportunity set, minimum-variance frontier uag

R e S R A

10.
11.
12.

efficient frontier

unil 7: nuiwesnuas Markowitz 231

Mean-variance utility
Risk aversion

No short-selling

KKT conditions
Complementary slackness
Active set

Corner portfolio
Weight stability
Estimation error
Shrinkage
Resampling

Out-of-sample validation

Tiwesa P & (o, 1) = (10%, 8%) waz Py &1 (9%, 9% ) asfiansaun dominance

$19 Lagrangian 984 target-return minimum-variance problem Wag#1 first-order conditions

WgUgns closed-form va3 w(fyg)

figadin A = AC — B? > 0 y Cauchy-Schwarz inequality

gauEANIINENIATEgAansTaensil A = 0

a ' o 2 .
fgatans GMV way og,,, = 1/A

M GMV Yaenaingaddunindannsmeuiuslnenss

ﬂqaﬂaumﬁ minimum-variance frontier

2 e

1

A

(%)

FBUNUMARATILYUEIIYDS minimum-variance frontier Lyifiusz@ngnm

Tideyasiegnamdunsndluuniuwamesni target returns 8%, 10%, 12%, 14%

AT NeIn target 14% Tuded1adeosd short position sl
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13. #gaw two-fund theorem &3 risky frontier portfolios
14. WA mean-variance utility problem Ll,azﬂf;j%ﬁqm w,
15, Wanedn pu, = oy + A/(aA) uaz 02 = 1/A+ A/ (a?A) whouiigaiinile a — oo
il W, — Wy
16. Weu KKT conditions @115U long-only target-return problem
17. 83U18 complementary slackness Tupmsnevesdunindfiiim ineug
18. WAAIMBIBE1IINIIAN negative weights WuAududs normalize ludndusoadu long-only
optimum
19. ﬂgﬁ]ﬂ’i’uﬁ'a feasible set gnyiliiénas minimum variance i target Wldanunsoanas
20. e8UeMe eigendecomposition 11wnla covariance matrix #i ill-conditioned vl vmin
optimizer luliatios
21. 99UV sensitivity experiment 1ag perturb expected return YAUNSNENTash 450 bp
22. Wisuiigu sample covariance iU shrinkage covariance Tuus frontier wag weight stability
23. 890U rolling out-of-sample experiment #il3ifl look-ahead bias
24. 95UIWANULANAINTEIIN in-sample efficient portfolio U realized best portfolio
25. a%maiwmaimﬂmﬂ'u risk-free asset Tuundnluviliitam efficient portfolio lWaBuANIEUIAS
Tugmavnidududia
ADINYIUAR
1. wosnileguu efficient frontier snududioadunedniiidmivinanuynauviol
2. wnla expected-return estimation error ﬁea%ﬁ\‘iﬁmﬁﬂqﬂﬁiﬂﬁdw
3. constraints 73 in-sample frontier ugasenarilinassaituldegils
4. vn covariance matrix JANUUIUEIGIUA expected returns ununensallails AseanuUY
wasnagals
5. n5l4 historical efficient frontier Lﬁaﬁlamiﬁuﬁ'ﬂamuﬂ’ﬁﬁﬁﬂLaau‘vﬁa uncertainty information
wuule
6. Markowitz theory msgnuesiliu “Aneuanyine” wieilu mathematical benchmark d1msu

ASWAILITEULUSINSNBSANT UL U
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